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In what follows only additive abelian groups will be considered. Ext 
(17, A) denotes the group of all extensions of the group A by the group C, 
and Pext (C, A) the group of all pure extensions of A by C. 
It is possible to define several classes of groups in terms of Ext (C, A) 
and Pext (C, A). For example, the class of all divisible groups A is defined 
by the property Ext (C, A) = 0 for all groups C, while Pext (C, A)= 0 
for all groups C defines the class of all algebraically compact groups A. 
Both HARRISON [3] and FUCHS [ 11 studied the class of all groups A, 
having the property Ext (C, A) = 0 for all torsion free groups C. These 
groups are called cotorsion groups. Obviously, cotorsion groups can also 
be defined by the property Pext (C, A) = 0 for all torsion free groups C. 
Cotorsion groups are very important, for they give some information 
about mixed groups which are splitting (a mixed group A is called splitting 
if its maximal torsion subgroup T(A) is a direct summand of A). 
The following questions, however, have not been answered yet: 
(i) Which groups A have the property Ext (C, A) =0 for all torsion 
groups C, and 
(ii) which groups A have the property Pext (C, A) = 0 for all torsion 
groups c’2 
It is the purpose of this paper to characterize these two classes of 
groups. The first class turns out to be the class of all divisible groups 
(corollary 1.2) while the second class of groups, called Pr-groups, properly 
contains the class of all algebraically compact groups. It turns out that 
every torsion free group is a Pr-group (lemma 2.1). The intersection of 
the class of all Pr-groups with the class of all cotorsion groups is exactly 
the class of all algebraically compact groups (corollary 2.3). 
The importance of the Pr-groups lies in the fact that Ext (C, A) is 
algebraically compact for all groups C exactly if A is a Pr-group (theorem 
3.3). Finally, it is investigated which groups C are such that Ext (C, A) 
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is algebraically compact for all groups A. An unsatisfactory characteriza- 
tion of these groups is given in theorem 3.4. 
Notation 
Q the additive group of all rational numbers. 
z the additive group of integers 
Z(pm) the quasicyclic group belonging to the prime p 
P the set of all prime numbers 
T(A) the maximal torsion subgroup of the group A 
Al the first Ulm subgroup of the group A 
direct sum 
$ direct product 
1. Groups of which all the extensions by torsion groups are splitting. 
Lemma 1.1. A group G has the property that Ext (T, G) =0 for all 
torsion groups T if and only if Ext (I, G) =0 for all p E P. 
Proof: Suppose that Ext (Z(p”), G) = 0 for all p E P, and consider an 
arbitrary torsion group T. The imbedding of T in its divisible hull 
@ Z(pm) yields the exact sequence 
from which we obtain the exactness of the sequence 
Ext (0 Z(p”), G) --t Ext (T, G) + 0. 
Since Ext (@Z(pm), G) g J’J Ext (Z(p”), G) = 0, it follows that Ext (T, G) = 0. 
The converse is clear. 
Corollary 1.2. A group G has the property thud all its extensions by 
torsion groups are splitting exactly if G is divisible. 
Proof: [2], exercise 2 p. 225. 
2. Pr-groups. 
Definition. A group G is called a PT-group -if Pext (T, G) = 0 for all 
torsion groups T. 
Algebraically compact groups are PT-groups, and so are all torsion 
free groups, for we have 
Lemma 2.1. Pext (T, G) = 0 whertever G is torsion free and T is a 
torsion group. 
Proof: If G is torsion free then Ext (T, G) is algebraically compact, 
whatever T is. ([2] p. 224). Hence Pext (T, G), being the first Ulm subgroup 
of Ext (T, G), is divisible. But Ext (T, G) is reduced whenever T is torsion, 
hence Pext (T, G)=O. 
9 Indagationes 
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Lemma 2.2. A necessary and sujicient condition for G to be a PT- 
group is that Pext (Z(p”), G)=O for all p E P. 
Proof: Only the sufficiency needs verification. If T is any torsion 
group then T = eptp T,, where T, denotes the subgroup of T consisting 
of all elements a ET, for which pk a= 0 for some natural number k. Since 
Pext ( @ T,, G) g n Pext (Tp, G), 
9EP 9ep 
the sufficiency will follow if we can show that the hypothesis implies 
Pext (27, G) = 0 for all p-groups T (p ranging over all prime numbers). 
If T is any p-group then we know the existence of a pure exact sequence 
0 -+ H --f T -+ T/H -+ 0, where H is a direct sum of cyclic groups and 
T/H E @Z(p”). Th is implies the exactness of the sequence 
Pext (T/H, G) + Pext (T, G) -+ Pext (H, G). 
Since H is a direct sum of cyclic groups we have Pext (H, G) = 0. Also 
Pext (T/H, G) en Pext @(pm), G) = 0. Thus Pext (T, G) = 0 and the 
lemma is proved. 
Since a group G is cotorsion exactly if Pext (Q, G) = 0, and algebraically 
compact exactly if Pext (Q, G) = 0 = Pext @(pm), G), for all p E P, we have 
Corollary 2.3. A group G is algebraically compact if and only if C 
is a cotorsion PT-group. 
We now list some elementary properties of Pr-groups: 
(1) A direct product JJG, is a PT-group if and only if each Gt is. 
(2) Let H be a pure subgroup of G. If both H and G/H are PT-groups then 
so is G. 
(3) Pure subgroups of PT-groups are again PT-groups whenever the factor 
group is reduced. 
Proof: Let H be a pure subgroup of the Pr-group G. From the pure 
exact sequence 0 + H -+ G + G/H + 0 we have the exactness of the 
sequence 
Horn (z(p9, G/H) -+ Pext @(pm), H) + Pext (Z(p”), G) = 0, 
and if G/H is reduced then the first group is zero. 
(4) Let H be a pure subgroup of G such thut the factor group G/H is torsicun 
free. Then G is a PT-group if and only if H is a PT-group. In particular, 
G is a PT-group if and only if T(G) is such a group. 
Proof: In die exact sequence 
Horn (Z(P% Q/H) + Pext @(pm), H) + Pext @(pm), G) -+ 
--f Pext (Z(pm), G/H) 
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the first and the last groups vanish. Hence 
Pext (Z(p9, H) s Pext (Z(p,-), G) 
and the result follows. 
It has been mentioned that all torsion free groups are Pr-groups and 
that a mixed group is a Pr-group if and only if its torsion part is such 
a group. The following theorem therefore settles the structure problem 
of all Pr-groups. 
Theorem 2.4. Let G be a torsion group and A an algebraically compact 
group containing G as pure subgroup. Then G is a PT-group if and only 
if it is a direct summa& of T(A). 
Proof: Let the sequence 0 -+ G -+ A be pure exact where A is alge- 
braically compact. Then the sequence 0 + G -+ T(A) + T(A)/G + 0 is 
also pure exact, and hence splitting if G is a Pr-group. Conversely, let 
T(A) =G @ K for a suitable group K. Since A is algebraically compact 
it follows from (4) that T(A) is a Pr-group. Hence G, being a direct 
summand of a Pr-group, is again a Pr-group. 
3. Ext (C, A) and algebraic compactness. 
We know certain cases in which the group Ext (C, A) is algebraically 
compact; e.g. if either A or C is torsion free, or if A is itself algebraically 
compact. In this section we shall try to give necessary and sufficient 
conditions for Ext (C, A) to be algebraically compact. The following 
two lemmas are very useful. 
Lemma 3.1. If A is a PT-group then Pext (C, A) is divisible for all 
groups C. Conversely, if Pext (C, A) is divisible for all groups C then A is 
a PT-group. 
proof: Let A be a Pr-group and C an arbitrary group. The exactness 
of the pure exact sequence 0 + T(C) --f C + C/T(C) implies the exactness 
of the sequence Pext (C/T(C), A) --f Pext (C, A) --f Pext (T(C), A) = 0. 
Since C/T(C) is torsion free Pext (C/T(C), A) is divisible. Hence Pext (C, A) 
is divisible. Conversely, assume that Pext (C, A) is divisible for all groups C. 
Since Pext (Z(p”), A) is reduced ([2] p. 237) we have Pext (Z(p”), A)=0 
for all p E P. Hence A is a Pr-group. 
Lemma 3.2. Let G be a cotorsion group. Then G is algebraically 
compact if and only if Cl is divisible. 
Proof: If G is algebraically compact then Cl coincides with the maximal 
divisible subgroup of G ([2] p. 162). Conversely, if Gi is divisible then 
G z Gl @ (G/Cl), where G/G1 is algebraically compact. Hence G is alge- 
braically compact. 
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The following is the main result of this section. 
Theorem 3.3. Ext (C, A) is algebraically compact for all groups C 
if and only if A is a PT-group. 
Proof: Ext (C, A) is always a cotorsion group and Pext (C, A) is 
its first Ulm subgroup. The previous two lemmas conclude the proof 
of the theorem. 
The following question arises naturally: Is it possible to find a class 
of groups such that a necessary and sufficient condition for Ext (C, A) 
to be algebraically compact for all groups A, is that C belongs to that 
class. Theorem 3.4 gives a limited answer to this question. 
Theorem 3.4. Ext (C, A) is algebraically compact for all groups A 
if and only if T(C) is a direct sum of (finite) cyclic groups. 
Proof: We observe that Pext (C, A) is divisible if and only if 
Pext (T(C), A) = 0. Indeed, the pure exact sequence 
O+T(C)+C+C/T(C)+O 
implies the exactness of the sequence 
Pext (C/T(C), A) -+ Pext (C, A) + Pext (T(C), A) -+ 0 
where the first group is divisible. Hence, if Pext (T(C), A) = 0, Pext (C, A) 
is divisible. Conversely, if Pext (C, A) is divisible then so is Pext (T(C), A). 
But T(C) is a torsion group, and so Pext (T(C), A)=O. 
In view of lemma 3.2 we therefore have that Ext (C, A) is algebraically 
compact for all A if and only if Pext (T(C), A)=0 for all A, and this is 
the case if and only if T(C) is a direct sum of finite cyclic groups ([2] 
p. 228). 
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